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Programs and probabilistic programs. Classically, imperative non-
probabilistic programs are programs whose execution is fully determined by the
input: given a fixed input, the program always produces the same output. Prob-
abilistic programs (PPs) extend non-probabilistic programs by incorporating
probabilistic fragments [29,37,11], i.e. constructs that involve randomness. The
two most common such constructs are probabilistic branchings, where a branch
is taken with a certain probability, and sampling statements, where a value is
drawn at random from a probability distribution. Rather than producing a sin-
gle deterministic output, a PP gives rise to an output distribution over possible
outputs. They have been adopted in many application domains including ma-
chine learning [28], security [7,8] and robotics [43], and formal analysis of PPs
has become a very active research area.

Static analysis of PPs. Given that PPs produce output distributions, in
comparison to deterministic programs that produce a single output value for a
given input, PPs are inherently more difficult to analys both in theory [32] and
in practice [39,25].

Recent years have seen much work on static analysis of PPs, where the
aim is to formally prove temporal or input/output properties by analyz-
ing the source code directly and instead of repeatedly sampling random-
ized executions of PPs. There have been significant developments on static
analysis with respect to termination [16,19,33,36,20,1,21], reachability [42],
safety [22,41,14,13,5], cost [40,47,45], input/output [23], runtime [35], produc-
tivity for infinite streams [3], sensitivity [6,46,2] or differential privacy [4] prop-
erties.

Equivalence and similarity refutation. In this work, we focus on relational
analysis of programs. The goal of relational analysis is to prove properties of
pairs of programs. A prominent example of relational property is equivalence:
two programs are equivalent if they produce the same outputs. In this paper,
we consider static analysis of equivalence and similarity of output distributions
of PP pairs. Equivalence and similarity are two fundamental properties of prob-
abilistic programming systems that are essential for their correctness both in
implementation and in compilation. We study the following two problems:
1. Equivalence refutation problem. Given a pair of probabilistic programs, prove

that their output distributions are not equivalent.
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2. Similarity refutation problem. Given a pair of probabilistic programs, prove a
lower bound on Kantorovich distance [44] between their output distributions.

We emphasise that while our work is focused on PPs, equivalence of non-
probabilistic programs is a special case of the equivalence refutation problem
in PPs and our techniques apply to it as well.

Relevance. Equivalence checking and refutation are crucial for ensuring pro-
gram correctness or for bug detection. For instance, if we have two different
implementations of a model or two (randomized) algorithms designed to solve a
given problem, the equivalence refutation analysis allows us to detect whether
the two programs give rise to different outputs [38]. Such an analysis allows, e.g.,
bug detection in samplers from probability distributions [17] or in implementa-
tions of cryptographic protocols [9]. Equivalence refutation analysis also allows
bug detection in probabilistic program compilers. For instance, it was observed
by [26] that a 10-line probabilistic program in Stan [27] executes over 6000 lines
of code of Stan implementation. Hence, detecting compilation bugs by testing
may be a challenging task even for small programs. Static equivalence refutation
analysis allows bug detection in compilation by comparing the source code to its
intermediate representation without program execution.

While equivalence refutation analysis only proves that output distributions of
two programs are not equivalent, similarity analysis provides more fine-grained
information and quantifies the difference between two output distributions (e.g.,
the difference between the output distribution induced by a sampler and the
ground probability distribution whose samples we wish to generate [17]).

Prior work. Equivalence and similarity are relational properties that are de-
fined with respect to a program pair. The prior work on relational reasoning
about probabilistic programs focused on developing logical systems for such rea-
soning [24] rather than on automation; or on sensitivity analysis [6,2,46,31,4,7],
whose aims and assumptions differ from equivalence analysis. Automated meth-
ods for formal analysis of probabilistic program equivalence have been developed
for finite-state probabilistic systems [38,34,10]. However, probabilistic programs
defined over real or integer-valued variables or containing sampling from con-
tinuous probability distributions (such as normal or uniform) all give rise to
infinite-state programs.

On the other hand, there is a huge body of work on sampling-based statisti-
cal testing of equivalence and similarity of two probability distributions [12,18],
see [15] for a survey. While these methods provide extremely useful informa-
tion and do not impose syntactic restrictions on probability distributions that
they can analyze, they suffer from two key limitations. First, guarantees on the
correctness of their analyses are statistical, meaning that there is always a non-
zero probability that the analysis results are incorrect. Second, sampling-based
methods suffer from scalability issues if the probabilistic program needs to be
executed for a long time. To the best of our knowledge, no prior work has pro-
posed an automated method for equivalence and similarity refutation analyses
in infinite-state PPs that provide formal guarantees on the correctness of their
results.
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Our approach – automated formal analysis via expectation martin-
gales. We present a new method for static equivalence and similarity refutation
analyses of probabilistic program pairs. To the best of our knowledge, we present
the first method that provides the following desired features:

1. Automation. Our method is fully automated.
2. Infinite-state programs. Our method is applicable to infinite-state probabilis-

tic programs.
3. Formal guarantees. Our method provides formal guarantees on the correct-

ness of its results. Specifically, we introduce a sound and complete proof rule
for equivalence refutation.

Technical challenges. Given two programs, our method refutes their equiv-
alence by computing a function f over their output variables such that the
expected value of f at the output of the two programs differs. Our method
searches for such a function by computing it simultaneously with an upper ex-
pectation supermartingale (UESM) for the first program and a lower expectation
submartingale (LESM) for the second program. UESMs and LESMs, notions
similar to cost supermartingales [47] or super- and sub-invariants [30], provide
sound proof rules for deriving upper and lower bounds on the expected value of a
function on program output in probabilistic programs. We show that UESMs and
LESMs together with the function f over outputs provide a sound and complete
proof rule for refuting equivalence of programs. To the best of our knowledge,
no martingale-based approach has been used in prior work for static analysis
of relational properties of probabilistic program pairs. The non-trivial challenge
is to simultaneously compute the function f , along with two martingales (one
submartingale and other supermatingale), which we achieve via a constraint
solving-based approach.

Contributions. Our contributions can be summarized as follows:

1. We present a method for static equivalence and similarity refutation of PP
pairs, which is automated, applicable to infinite-state PPs and provides for-
mal guarantees on the correctness of its results.

2. We formulate a sound and complete proof rule for equivalence the refutation
problem via UESMs and LESMs.

3. We present fully automated algorithms for equivalence and similarity refu-
tation analyses in PPs, based on the above proof rules. The algorithms si-
multaneously compute a UESM and an LESM for two PPs together with a
function over their output variables. They are applicable to numerical PPs
with polynomial arithmetic expressions that may contain sampling instruc-
tions from both discrete and continuous probability distributions.

4. Our experimental evaluation demonstrates the ability of our method to refute
equivalence and compute lower bounds on Kantorovich distance for a variety
of program pairs.
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