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A cornerstone of the theory of programming languages is the acceptance of
contextual equivalence as a meaningful notion—if not as the notion—of program
equivalence. Introduced by Morris to study the untyped λ-calculus [13], contextual
equivalence has the advantage that its definition is almost language-agnostic.
Given a language L, one simply needs the notion of contexts C of L, usually
defined as terms with a single occurrence of a special additional constant ⟨·⟩ (the
hole of the context), and a chosen predicate ⇓ of observation for L, typically
some notion of termination, which is the only language-specific ingredient. Then,
contextual equivalence is defined as:

t ≡ctx u if for all contexts C . [ C⟨t⟩ ⇓ ⇔ C⟨u⟩ ⇓ ]

Contextual equivalence embodies a black box behavioral principle with respect
to termination. Nothing is said about the structure of t and u, it is only prescribed
that any use of t in a larger program can be replaced by u (and vice-versa) without
affecting the observables. One of the most studied contextual equivalences is head
contextual equivalence ≡ctx

h for the untyped λ-calculus [4], where one observes
termination of head reduction →h. Another contextual equivalence that was
studied at length is the one of Plotkin’s PCF [16], where the observation is
termination on the same value of ground type, typically a natural number. Both
played crucial roles in the historical development of denotational semantics of
programming languages.

Contextual equivalence is also relevant in more applied settings. The typical
example being program transformations at work in compilers, for which contextual
equivalence guarantees a strong form of soundness [15].

Equational Contextual Equivalence. In order for contextual equivalence ≡ctx to
be a proper semantical notion, one actually has to show that it is an equational
theory for L. This means that the following two properties must be satisfied:

1. Compatibility : ≡ctx is stable under context closure, that is, t ≡ctx u implies
C⟨t⟩ ≡ctx C⟨u⟩ for all contexts C, and;

2. Invariance: ≡ctx includes β-conversion =β , that is, if t =β u then t ≡ctx u.

While compatibility holds by definition, invariance is not immediate, because
of the universal quantification on contexts in ≡ctx, which is notoriously hard to
manage. For head contextual equivalence ≡ctx

h , for instance, a rewriting-based
proof of the invariance property requires to prove the confluence of β-reduction
and various non-trivial properties of head reduction.
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Termination vs Time Cost, Equationally. It is natural to wonder whether contex-
tual equivalence can be refined by replacing the termination predicate ⇓ with a
finer one ⇓k indicating termination in k evaluation steps. Intuitively, the number
of evaluation steps is taken as a time cost model. With the compiler analogy in
mind, it is indeed natural to ask that a program transformation preserves the
time behavior. This refinement is exactly Sands’ notion of cost equivalence, the
symmetric form of his more famous improvement preorder [19,18,17]:

t ≡cost u if for all contexts C,∃k ≥ 0 . [ C⟨t⟩⇓k ⇔ C⟨u⟩⇓k ]

Cost equivalence falls short, however, of being a refinement of contextual equiva-
lence. The price to pay for the added quantitative information is that it can no
longer be seen as a semantics as it is not an equational theory. The reason is both
simple and deep. It is simple because (in, say, the λ-calculus) if t →β u, then C⟨u⟩
might take one step less to terminate than C⟨t⟩, so β-conversion =β cannot be
included in cost equivalence ≡cost, breaking the invariance of equational theories.

Internal and External. The issue is deep as it reflects a more general tension
between quantitative intensional properties such as time cost, which by their
nature cannot be invariant under evaluation, and semantical notions such as
equational theories, that are expected to hide the computational process. More
generally, one might identify two perspectives on programs. The internal view
studies programs in isolation, and it is concerned with qualitative properties
such as, e.g., termination, confluence, productivity, or quantitative properties
such as time or space cost. The external view, instead, studies how programs
interact with other programs, as it is the case for contextual equivalences, labelled
transition systems (LTSs), or process calculi. Usually, the external view hides
the internal dynamics of programs, for instance via the invariance requirement
for contextual equivalence, or via the silent τ transitions of LTSs.

The mentioned issue with cost equivalence is then an instance of a more
general question: is there a way of analyzing quantitative properties externally,
without interference from the hidden internal dynamics? Concretely, is there a
way of measuring the amount of interactions between a term and its context
modulo the internal dynamics of the term and of the context?

Interaction Equivalence and the Checkers Calculus. In this talk, we provide a
positive answer, published in [2] and studied further in Lancelot’s PhD thesis [10].
The literature on improvements has focused on application-oriented λ-calculi
based on call-by-need evaluation. Our focus is more theoretical, therefore, we place
ourselves in the minimalistic setting of the (call-by-name) untyped λ-calculus,
the semantics of which has been studied in depth—see the classic book [4] and
its recent extension [5].

We introduce a new notion of equivalence, called (head) interaction equivalence,
whose key property is being—as we prove—an equational theory, in contrast to
what happens for cost equivalence. This is obtained via a reconciliation of the
internal and the external perspectives, loosely inspired by game semantics [8,1].
In a following paper [11], we also study a notion of interaction improvement.
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Interaction equivalence is based on the new checkers calculus Λ◦•, a λ-calculus
enriched with two players, black • and white ◦. We duplicate the abstraction and
application constructors of the λ-calculus as to have white (λ◦x.t and t ◦ u) and
black variants (λ•x.t and t • u) of each. Next, β-reduction comes in two flavors, a
silent one (internal to a player) and an interaction (external) one, depending on
whether the constructors involved in the redex belong to the same player or not:

Silent β Interaction β
(λ•x.t) • u →βτ

t{x :=u} (λ◦x.t) • u →β t{x :=u}
(λ◦x.t) ◦ u →βτ

t{x :=u} (λ•x.t) ◦ u →β t{x :=u}
Interaction equivalence of t and u is then defined in the checkers calculus ex-
actly as cost equivalence except that one uses the predicate ⇓ k

h◦•
holding when

checkers head reduction terminates using k interaction steps →β and—crucially—
arbitrarily many (possibly zero) silent steps →βτ

.
Checkers interaction equivalence is then transferred to the ordinary λ-calculus

via a paint-and-wash construction: two ordinary λ-terms t and u are interaction
equivalent when their uniformly, say, black-painting t

• and u• are interaction
equivalent in the checkers calculus, i.e.:

t ≡int u if for all checkers contexts C, ∃k ≥ 0 . [ C⟨t•⟩ ⇓ k
h◦•

⇔ C⟨u•⟩ ⇓ k
h◦•

]

Our first result is that interaction equivalence is an equational theory of the
ordinary untyped λ-calculus. As for contextual equivalence, proving that ≡int

is an equational theory is a non-trivial rewriting theorem, and the counting of
interaction steps adds a further difficulty.

Inspecting Black Boxes. It often is hard to establish the contextual equivalence of
two given terms, because of the universal quantification over all the contexts. It is
then common to look for explicit reformulations via semantic trees or normal form
bisimulations [12]. Head contextual equivalence ≡ctx

h is one of the few (uneffectful)
cases for which an explicit description is available, as they are not easy to obtain.
Namely, ≡ctx

h was characterized as the equational theory Bη∞ induced by the
equality of Böhm trees [3] up to possibly infinite η-equivalence [7,20]. A natural
question then arises: is there an explicit description of interaction equivalence?

Interaction Equivalence and Böhm Trees. The second contribution of our work is
such a characterization of interaction equivalence by the well-known equational
theory B induced by Böhm tree equality. In particular, interaction equivalence
is not extensional, that is, it does not validate any form of η-equivalence, given
that x and λy.xy clearly have a different number of interactions with any context
providing an argument. Therefore, interaction equivalence ≡int has a simpler
explicit description than head contextual equivalence ≡ctx

h , and provides an
operational insight about η-equivalence. The failure of η-equivalence also reveals
that our framework may not be that close to game semantics, which typically
induces extensional equivalences (unless additional constraints are imposed [14,9]).

The characterization is proved via new interaction-based refinements of stan-
dard proof methods in the literature, namely the Böhm-out technique [4] and
non-idempotent intersection types [6].
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